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ATTRACTING BASINS OF VOLUME PRESERVING
AUTOMORPHISMS OF Ck
HAN PETERS, LIZ RAQUEL VIVAS, ERLEND FORNÆSS WOLD
Abstract. We study topological properties of attracting sets for automor-
phisms of Ck. Our main result is that a generic volume preserving automor-
phism has a hyperbolic fixed point with a dense stable manifold. We prove the
same result for volume preserving maps tangent to the identity. On the other
hand, we show that an attracting set can only contain a neighborhood of the
fixed point if it is an attracting fixed point. We will see that the latter does
not hold in the non-autonomous setting.
1. introduction
Let f be an automorphism of Ck with a fixed point at the origin. Even if the
origin is not an attracting fixed point, there can still be points whose orbits converge
to the origin. In this paper we will study how large such an attracting set can be.
We will make this more precise later.
The behavior of an attracting set varies greatly depending on the eigenvalues
of df(0). If all eigenvalues have modulus strictly smaller than 1 then we say that
f has an attracting fixed point. This is the easiest situation, the attracting set
must contain a neighborhood of the origin and is biholomorphic to Ck [13]. The
situation is similar when all eigenvalues have modulus strictly larger than 1, one
just considers the inverse mapping.
The fixed point is called hyperbolic if no eigenvalues have modulus 1, and there
are eigenvalues of modulus greater than 1 as well as less than 1. In this case the
attracting set is biholomorphic to Cm, where m is the number of eigenvalues of
modulus less than 1 (this follows from [13]).
The complex structure of attracting sets has also been studied in the semi-
attracting case (eigenvalues of modulus smaller than and equal to 1) , and for auto-
morphisms tangent to the identity (where df(0) = Id). In both cases the attracting
set can also be biholomorphically equivalent to (possibly lower dimensional) com-
plex Euclidean space, see for example [14] for the semi-attracting case and [15], [8]
and [7] for automorphisms tangent to the identity.
In this article we do not study the complex structure of attracting sets but
instead we look at topological properties. Suppose an automorphism has a fixed
point that is not attracting but does have a non-trivial attracting set Ω. We are
interested in three related questions:
(a) Can Ω be dense?
(b) Can Ω have interior points?
(c) Can Ω contain a neighborhood of the origin?
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Our main result is an affirmative answer to Question (a). More precisely, we will
show the following
Theorem 1. There is a dense Gδ-set V of volume preserving automorphisms of
Ck that have a hyperbolic fixed point whose stable manifold is dense in Ck.
Here V is a dense Gδ-subset of the set of volume preserving automorphisms of
Ck, equipped with the compact open topology.
We will then focus on volume preserving automorphisms that are tangent to the
identity. We will prove the existence of dense attracting sets for these maps along
the same lines as for a hyperbolic fixed point.
The answer to Question (b) is obvious, since it is possible to have an attracting
set that is biholomorphic to Ck, where k is the dimension of the ambient space [14],
[15], [7]. However, we will easily see that the attracting set of a volume preserving
automorphism cannot have interior points.
We will also show that the answer to Question (c) is negative, if the attracting
set contains a neighborhood of the origin then the fixed point must be attracting.
We note that this result depends on the holomorphicity of the mapping, as well as
on the ambient space Ck.
Finally, we will see that in the non-autonomous setting the basin can be all of
Ck, even if all the mappings are tangent to the identity.
In the next section we will set notation and answer question (c). We will prove
our main result in Section 3, and show the analogous statement for maps tangent
to the identity in Section 4. In the last section we will treat the non-autonomous
setting.
2. Fixed Point in the Interior
We denote by Aut(Ck) the set of holomorphic automorphisms of Ck and by
Aut1(C
k) the set of volume preserving automorphisms of Ck, both equipped with
the compact-open topology.
We let ‖ · ‖ denote the Euclidean norm on Ck and for r > 0 we write Br(z) ⊂ Ck
for the ball of radius r centered at z. When z = 0 we will just write Br.
For f ∈ Aut(Ck) with a fixed point p we will study the attracting set
Ω = {z ∈ Ck | fn(z)→ p, as n→∞}
When p is an attracting fixed point this attracting set is generally called the
attracting basin, and when p is a hyperbolic fixed point it is called the stable
manifold.
The automorphisms of Ck constructed by Ueda, Hakim and Weickert that have a
neutral or semi-attractive fixed point with an attracting set biholomorphic to Ck all
have the fixed point lying in the boundary of the basin. It is natural to ask whether
the attracting set of such a fixed point can ever contain an open neighborhood of
the fixed point. The following result shows that this cannot happen.
Theorem 2. Let f : Ck → Ck be a holomorphic map such that f(0) = 0, and
let Ω be the attracting set. If Ω contains a neighborhood of the origin then 0 is an
attracting fixed point.
Proof. Suppose for the purpose of a contradiction that the closed ball Br is in the
attracting set for some r > 0, and that 0 is not an attracting fixed point. It follows
that no iterate of f has 0 as an attracting fixed point.
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Our first claim is that the set {fn(Br)}n∈N is unbounded. If not then the set of
iterates {fn} would be a normal family on Br, and we may pass to a convergent
subsequence. But since fn(x) → 0 for all x ∈ Br we get that fN(Br) ⊂⊂ Br for
some N ∈ N, and by the contraction principle (see page 219 of [10]) this contradicts
the fact that 0 is not an attracting fixed point for fN .
For m ∈ N define the bounded set Km := ∪mi=1f
i(Br). It follows from the above
claim that there must be a point x ∈ Br such that fn(x) ∈ Ck \Km for some n ∈ N,
so it follows that in the sequence {f(x), f2(x), ..., fn(x)} there have to be at least
m successive f i(x)’s such that f i(x) /∈ Br. So each set Cm = {x ∈ Br | f j(x) /∈
Br, j = 1, ...,m} is non-empty. We have that C1 = f−1(Ck \ Br) ∩ Br, and then
Cm = f
−m(Ck \ Br) ∩ Cm−1 for m = 2, 3, ..., so we have a decreasing sequence of
compact sets. Therefore there is a point x ∈ ∩∞i=1Ci, and it follows that f
j(x) does
not converge to the origin, which is a contradiction. 
Example 1. Theorem 2 does not hold for holomorphic self maps of complex man-
ifolds in general. The mapping f(z) = z1+z is an automorphism of the Riemann
sphere and the orbit fm(z) is given by fm(z) = z1+mz . So we see that the origin is
an attracting fixed point for f , and the attracting set is in fact equal to the entire
Riemann sphere. But since fm(−1
m
) =∞ we see that the attraction is not uniform
in any neighborhood of the origin.
Example 2. Theorem 2 obviously does not hold for diffeomorphisms, consider for
example (for x ∈ Rk)
x 7→ (1− ‖x‖
1
‖x‖ )x, for x 6= 0,
0 7→ 0.
Here the basin is the unit ball, and the attraction is uniform on compact subsets.
This raises the following question: If f is a homeomorphism of Rn, and suppose
that f has a fixed point such that the attracting set contains a neighborhood of the
fixed point. Is the attraction necessarily uniform on compact subsets? The answer
to this question is also negative when n ≥ 2.
For x ∈ R let
ψ(x) =
x(4π − x)
2π
.
Notice that ψ(0) = 0, ψ(2π) = 2π and ψn(x)→ 2π for any x ∈ (0, 2π) as n→∞.
Now let f : C→ C be defined as follows:
For r ≥ 1 and θ ∈ [0, 2π), we define
f(reiθ) =
r + 1
2
eiψ(θ).
To define f(z) for z inside the unit ball, note that any such z lies on a unique
circle through 1 that is tangent to the unit circle. Let f fix those circles, so that the
angle (with respect to the center of such a circle) of f(z) becomes ψ(θ), where θ is
the angle of z.
Note that f is continuous, has a fixed point at 1 and fn(z) converges to 1 for any
z ∈ C. Yet the convergence is not uniform. With a little care the same construction
works for a diffeomorphism.
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3. Dense Stable Manifolds
Before we prove Theorem 1, we first show that an attracting set of a volume
preserving automorphism cannot have interior points. We have already noted that
generally the attracting set of a semi-attracting or neutral fixed point can be bi-
holomorphic to Ck, so can in particular have interior. However, we easily see that
this cannot be the case when dealing with volume preserving automorphisms.
Proposition 1. Let f ∈ Aut1(Ck) have a fixed point at the origin, and let Ω be
the attracting set. Then Ω has empty interior.
Proof. Let ǫ > 0 and define U as the set of those points whose forward orbit lies
entirely in Bǫ. Then U is forward invariant under f , and for every n ∈ N we have
that fn(U) ⊂ Bǫ and Vol(fn(U)) = Vol(U). It follows that for every n ∈ N we
have that the set {z /∈ Bǫ, fn(z) ∈ U} has no volume. So the countable union
{z /∈ Bǫ | ∃n ∈ N : f
n(z) ∈ U}
has empty interior. But the orbit of any point in Ω must eventually land in U .
Hence the set Ω \Bǫ has empty interior. Since this holds for any ǫ > 0 the proof is
complete. 
For an automorphism f with a hyperbolic fixed point p denote the local stable
manifold by
Σfǫ (p) = {z ∈ C
k | ‖fn(z)− p‖ < ǫ ∀n ∈ N}.
For small enough ǫ we have that Σfǫ (p) is a graph over the attracting direction of
df(p), and {fn(z)} converges to p if and only if fn(z) ∈ Σfǫ (p) for some n ∈ N (see
for instance Chapter 6.2 in Katok-Hasselblat [9]). In other words, if we denote the
attracting set or stable manifold by Σf (p) then
Σf (p) =
⋃
n∈N
f−nΣfǫ (p).
As noted before, it follows from the appendix of [13] that Σf (p) is biholomorphic
to Cm, where m is the number of attracting directions.
To prove Theorem 1 we need a stability condition for stable manifolds. Let us
fix an f ∈ Aut1(Ck) with a fixed point at the origin, and assume that f is of the
form
f(z) = (λ1z1+α1(z), . . . , λmzm+αm(z), µ1zm+1+αm+1(z), . . . , µk−mzk +αk(z)),
where |λi| < 1, |µi| > 1, and the αi’s are functions of degree at least two. For δ > 0
we let △mδ denote the polydisk △
m
δ = {(z1, · · · , zk) ∈ C
k | zi = 0 for i > m, |zi| <
δ for i ≤ m}. As stated above: If ǫ is small enough then for all δ < ǫ we have that
Σfǫ (0) is (locally) a graph Γ
f
δ over △
m
δ . We need the following proposition:
Lemma 1. Let {fj} ⊂ Aut1(C
k) such that ‖f − fj‖△kǫ
→ 0 as j →∞. Then there
exists a fixed δ < ǫ such that for all j large enough:
(a) fj has a unique hyperbolic fixed point pj in △
k
ǫ , and pj → 0 as j →∞,
(b) Σ
fj
ǫ (pj) is (locally) a graph Γ
fj
δ over △
m
δ ,
(c) d(Γ
fj
δ ,Γ
f
δ )→ 0 as j →∞, where d(·, ·) denotes the Hausdorff distance.
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Sketch of the proof. (a) is well known, and for (b) and (c) we may well assume
that pj = o for high enough j.
In a small enough polydisc ∆δ, the map f is strictly expanding in the repelling
directions and strictly contracting in the attracting direction. This gives that Σfδ (0)
is a graph over the attracting direction. For fj close enough to f we have that fj
is still strictly expanding and contracting in this same polydisc and we get (b).
For γ > 0 arbitrarily small, let Nγ be the γ neighborhood of Σ
f
δ (0), and let
K = ∆δ − Nγ . Then there is an n ∈ N such that for every z ∈ K there is an
j ∈ {1, · · · , n} such that f j(z) /∈ ∆δ. Hence the same is true for fj close enough,
so we have that Σ
fj
δ (0) ⊂ Nγ . But since Σ
fj
δ (0) and Σ
f
δ (0) are both graphs over the
stable direction, we must have that d(Σfδ (0),Σ
fj
δ (0)) < γ. 
For each n ∈ N we now let Γ
fj
δ (n) denote the set f
−n
j (Γ
fj
δ ), such that Σ
fj (pj) =⋃
n∈N Γ
fj
δ (n). The following is then an immediate consequence of the above propo-
sition:
Corollary 1. Let U be any neighborhood of △
k
ǫ∪Γ
f
δ (n) for some fixed n ∈ N, and let
{fj} ⊂ Aut1(Ck) such that ‖f − fj‖U → 0 as j → ∞. Then d(Γ
fj
δ (n),Γ
f
δ (n))→ 0
as j →∞.
Proposition 2. Let f ∈ Aut1(Ck) as above have a hyperbolic fixed point at the
origin, let δ, ρ > 0, let q ∈ Ck and let K be a compact subset of Ck. Then there
exists a g ∈ Aut1(Ck) such that the following hold:
(a) g has a unique hyperbolic fixed point p close to the origin,
(b) ‖g − f‖K < δ,
(c) There is a point q′ ∈ Σg(p) such that ‖q′ − q‖ < ρ.
Proof. We assume that (c) is not already satisfied by Σf (0), and we assume that K
is a closed ball. By Theorem 3.1 in [3] there is a g˜ ∈ Aut1(Ck) with ‖g˜ − f‖K <
δ
2
and such that the unbounded orbits of g˜ are dense in Ck. Choose q˜ ∈ Ck with
‖q˜ − q‖ < ρ2 such that {g˜
n(q˜)}n∈N is unbounded. By Lemma 1 we know that if g˜
is a good enough approximation of f then g has a hyperbolic fixed point p˜ near 0.
We have that Σg˜(p˜) is unbounded since Σg˜(p˜) is biholomorphic to Cm (This follows
from the appendix of [13]).
So we may choose a point x ∈ Σg˜(p˜) such that x ∈ Ck \ K and such that
g˜n(x) ∈ K for all n ≥ 1. Let M be an integer such that g˜M (x) ∈ Γg˜δ , and let N be
the smallest integer such that g˜N(q˜) ⊂ Ck \K. For some r > 0 we have that the
set K ∪ Br(x) ∪ Br(g˜N(q˜)) is polynomially convex, and we let φ ∈ Aut1(Ck) such
that φ(Br(g˜
N (q˜)) = Br(x). Let N be a small enough neighborhood of q˜ such that
g˜N(N ) ⊂⊂ Br(g˜N (q˜)), and let V be a small enough neighborhood of g˜M (x) such
that V ⊂⊂ g˜M ◦ φ ◦ g˜N (N ).
By [5] and [6] there is exists a sequence of automorphisms φj ∈ Aut1(Ck) such
that φj → φ on Br(g˜N (x)) and such that φj → Id on K. Approximating by a vol-
ume preserving automorphism is possible because of the vanishing of the following
cohomology group [6]
Hk−1(K ∪Br(g˜N(q˜)),C) = 0.
6 HAN PETERS, LIZ RAQUEL VIVAS, ERLEND FORNÆSS WOLD
Let Φj denote g˜ ◦ φj . If j is large enough we have that V ⊂⊂ Φ
M+N+1
j (N ), and
by Lemma 1 we have that Γ
Φj
δ ∩ V 6= ∅ if j is large. So the global stable manifold
of Φj intersects N , and the result follows by letting g = Φj . 
Corollary 2. Let q1, ..., qm be points in C
k and let ǫ > 0. Then the set of automor-
phisms f ∈ Aut1(Ck) having a stable manifold Σf (p) with points p1, ..., pm ∈ Σfp
such that ‖pi − qi‖ < ǫ is dense and open.
Proof. Let f ∈ Aut1(Ck). Let N ∈ N be arbitrary, ρ > 0, and choose p /∈ (BN ∪
f(BN)). Since H
k−1(f(BN ),C) = 0 there is a sequence of automorphisms {gj} ∈
Aut1(C
k) with gj(f(p)) = p and such that ‖gj − Id‖f(BN ) → 0 [5]. By composing
with a linear map arbitrarily close to the identity if necessary, we may assume
that each gj ◦ f has a hyperbolic fixed point at p. If j is large we have that
‖gj ◦f −f‖BN < ρ, and it follows that the set of volume preserving automorphisms
having a hyperbolic fixed point is dense. By Proposition 1 it is also open.
Note that by Corollary 1 the set of volume preserving automorphisms having a
stable manifold with a point pi that is ǫ-close to some point qi is open. Therefore
it is enough to consider the point q1. Let h denote gj ◦ f for a some large j. By
Proposition 2 there exists for any ρ > 0 a h˜ ∈ Aut1(Ck) such that ‖h˜− h‖BN < ρ
and such that ‖p1 − q1‖ < ρ for some p1 ∈ Σ
h˜
p , where p is a hyperbolic fixed point
for h˜. The result follows.

In the following proof, note that Aut1(C
k) is a Baire Space, meaning that a
countable intersection of open and dense sets is again dense.
Proof of Theorem 1. Let {qi}i∈N be a dense set of points in Ck and let ǫj ց 0.
For each j ∈ N let Vj denote the set of automorphisms f ∈ Aut1(Ck) such that f
has a stable manifold Σfp with points p1, ..., pj ∈ Σ
f
p and ‖pi − qi‖ < ǫj. According
to Corollary 2 each Vj is open and dense. Since V := ∩j∈NVj is dense the result
follows. 
4. Automorphisms of C2 tangent to the identity
We will now show that dense attracting sets also occur for volume preserving
automorphisms that are tangent to the identity. We will restrict ourselves to auto-
morphisms of C2, and we will see that a statement analogous to Theorem 1 holds
for volume preserving automorphisms tangent to the identity. Since the proof is
almost identical to the proof of Theorem 1 we will not show it in great detail. The
main difficulty is to prove that the attracting set is (locally) stable under small
perturbations.
We let Aut11(C
2, 0) be the set of volume preserving automorphisms of C2 that
are tangent to the identity. We equip Aut11(C
2, 0) with the compact open topology
as before. For f ∈ Aut11(C
2, 0) we write f(z) = z + P2(z) + . . . where P2(z) is
homogeneous of degree 2. Recall from [8] that v ∈ C2 is called a characteristic
direction if P2(v) = λv for some λ ∈ C. If λ 6= 0 then v is a non-degenerate
characteristic direction.
We first claim that every automorphism tangent to the identity must have a
characteristic direction. If P2(z) ≡ 0 then it is clear, so without loss of generality
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we assume that P2 = (p, q) with p(x, y) 6= 0 for some (x, y). We blow up y = ux
and we get that P2 gives the rational function
u 7→
q(x, ux)
p(x, ux)
=
q(1, u)
p(1, u)
.(1)
Note that this function must have a fixed point, which is a characteristic direction.
The subset of Aut11(C
2, 0) consisting of those automorphisms that have a non-
degenerate characteristic direction is open and dense. More precisely, we have
Lemma 2. Let f = Id + P2 + h.o.t. ∈ Aut
1
1(C
2, 0) with P2(v) = λv. Then
(a) If λ 6= 0 and f˜ is close enough to f then f˜ has a has a non-degenerate charac-
teristic direction arbitrarily close to v.
(b) If λ = 0 then there exist mappings in Aut11(C
2, 0) arbitrarily close to f that
have v as a non-degenerate characteristic direction.
Proof. Assertion (a) follows immediately from the fact that the characteristic di-
rections are fixed points of the rational equation (1), whose parameters depend
continuously on the mapping f .
To prove assertion (b), assume without loss of generality that v = (1, 0), in other
words so that P2(1, 0) = (0, 0). Let ψǫ = Id + Ψǫ + h.o.t. ∈ Aut
1
1(C
2, 0) with
Ψǫ(x, y) = (ǫx
2m,−2ǫxy), the existence of such an automorphism follows from [1].
Then ψǫ ◦ f has (1, 0) as non-degenerate characteristic direction. 
Now let f ∈ Aut11(C
2, 0) have a non-degenerate characteristic direction v. After
a suitable conjugation by an affine mapping we have that v = (1, 0) and that
P2(v) = v, i.e. λ = 1.
Write P2(z) = (p(z), q(z)). Since f is volume preserving we must have that
px = −qy. Hence P2 must be of the form
P2(x, y) = (x
2 + 2bxy + cy2,−2xy − by2).(2)
From here on we will assume that b 6= 0, the case b = 0 is almost identical. We
can now further simplify Equation (2) by conjugating with (x, y) → (x, b−1y) to
get
P2(x, y) = (x
2 + 2xy + cy2,−2xy − y2).(3)
As in [8] we blow-up y = ux and write (xn, un) = F
n(x, u) to get
x1 = x+ (1 + 2u+ cu
2)x2 +O(|x|3)(4)
u1 = u− (3u+ 3u
2 + cu3)x+O(|x|2)(5)
Recall that in the hyperbolic case the stable manifold is locally a graph over
the attracting direction, and that the mapping is expanding in the repelling direc-
tion. The expansion guarantees that the local stable manifold is stable under small
perturbations. We will see that the situation is analogous for volume preserving
automorphisms tangent to the identity: for some ǫ > 0 small enough the attracting
set is a graph over the set {x ∈ C | max(|x|, | arg(x) − π|) < ǫ}.
For ǫ > 0 define
Wǫ = {(x, u) ∈ C
2 | max(|x|, | arg(x) − π|) < ǫ, 2|u| < |x|}(6)
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The following Lemma follows from Equations (4) and (5).
Lemma 3. Let ǫ > 0 small enough and let (x, u), (x˜, u˜) ∈ Wǫ. Suppose that
2|x− x˜| < |u− u˜|. Then |u1 − u˜1| > max(|u − u˜|, 2|x1 − x˜1|).
We also have
Lemma 4. Let ǫ > 0 be small enough and (x, u) ∈ Wǫ. If (xn, un) ∈Wǫ for every
n then (xn, un)→ (0, 0).
Proof. It follows from (4) that {xn} must converge to 0. But then un → 0 by
definition of Wǫ. 
Proposition 3. Let ǫ > 0 be small enough and x ∈ C satisfy |x| < ǫ and | arg(x)−
π| < ǫ. Then there is exactly one u ∈ C such that (xn, un) ∈Wǫ.
Proof. To show existence, let Un = {u ∈ C | (xj , uj) ∈Wǫ, j = 1, · · · , n}. It follows
from Lemma 3 that {Un} is a nested sequence of non-empty relatively compact
sets, hence the intersection is not empty.
To prove uniqueness, suppose for the purpose of contradiction that there exist
two such points, u and v. Then Lemma 3 shows inductively that |un−vn| > |u−v|
for every n, but Lemma 4 shows that both un and vn must converge to the origin,
so we have a contradiction. 
So we indeed have that the attracting set is locally a graph over the attracting
direction, and we have expansion is the other direction. Stability follows:
Theorem 3. Let f ∈ Aut11(C
2, 0) have a non-degenerate attracting direction, and
let Ω be the corresponding attracting set. If {fj} ⊂ Aut
1
1(C
2, 0) converges to f , then
the corresponding attracting sets Ωj satisfy (locally)
d(Ωj ,Ω)→ 0.(7)
To prove Theorem 3, first assume that for j large enough the maps fj all have a
fixed point at the origin, and the same non-degenerate direction (1, 0). We can do
this because for j large enough this can be assured by conjugating with an affine
map arbitrarily close to the identity.
It follows from Lemmas 3, 4 and Proposition 3 that the proof of Lemma 1 works
here as well, with expansion now in the u-coordinate instead of the y-coordinate.
We obtain the existence of dense attracting sets for volume preserving automor-
phisms tangent to the identity.
Theorem 4. There is a dense Gδ-set S ⊂ Aut
1
1(C
2, 0) such that each f ∈ S has a
fixed point tangent to the identity whose attracting set is dense in C2.
As the proof is very similar to the proof of Theorem 1 we will only outline the
differences. The unboundedness of the attracting sets follows from Theorem 1.10
of [7], which implies that the attracting set is conformally equivalent to C.
To complete Theorem 4 we need to confirm that a version of Theorem 3.1 from
[3] holds for automorphisms tangent to the identity. Let V denote the set of volume
preserving automorphisms tangent to the identity at the origin that have a non-
degenerate characteristic direction. For each f ∈ V we define as in [3]:
Kf = {z ∈ C
2 | {fn(z)} is bounded}.
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The claim in [3] becomes: There exists a dense Gδ set V1 in V such that for every
f ∈ V1, the set Kf is an Fσ set with empty interior. We outline the additions that
have to be made to prove the claim.
For f0 ∈ V , we define UC as the interior of the set of points whose forward orbits
are contained in the ball BC . Note that the set UC is forward invariant under
f0. Since f0 has a non-degenerate characteristic direction at the origin, we have
a repelling piece of curve (namely, the attracting set to the origin for f−1). This
curve is unbounded (since it is biholomorphic to C), so the origin cannot lie not in
UC .
When the existence of the polynomially convex set Xq ⊂ UC (as in [3]) is estab-
lished, we may assume that Xq ∩{0} = ∅. This follows because Xq is the orbit of q
under the action of a commutative compact Lie group acting as automorphisms on
UC . Hence we may extend the vector field ξ to be zero on a neighborhood of the
origin, and one can still approximate ξ by divergence free polynomial vector fields.
When approximating the flow of ξ by the 1-parameter family ψt of volume pre-
serving automorphisms, we may then assume that ψt is tangent to the identity for
each t, by composing with the inverses of the derivatives at the origin. The claim
follows just as in [3].
5. The non-autonomous case
For many results in complex dynamical systems it makes sense to ask whether the
result also holds in the non-autonomous setting. Instead of studying the iterations
{fn} of a fixed mapping, one studies the compositions {fn ◦ · · · ◦ f1} for a sequence
of mappings f1, f2, . . .. As this gives much more freedom, it is generally easier to
construct (counter-) examples, but harder to prove that general results still hold in
the autonomous setting.
For a sequence f1, f2, . . . ∈ Aut(Ck) that all have a fixed point at the origin one
can define the attracting set as
Ω{fj} = {z ∈ Ck | fn ◦ · · · ◦ f1(z)→ 0}
The complex structure of such basins has been studied in [2], [12], [11]. The
following construction shows that in the non-autonomous setting one can have an
attracting set contains a neighborhood of the origin for a sequence of automorphisms
that are all tangent to the identity.
Theorem 5. There exists a sequence {gj}∞j=1 of automorphisms of C
2 with gj(0) =
0, dgj(0) = Id for all j ∈ N, and such that Ω
{gj} = C2.
Instead of dgj(0) = Id we may in fact freely prescribe the d-jets for each of
the mappings {gj} and for any fixed d. For any sequence of d-jets there exists a
sequence of automorphisms having these d-jets and that satisfies the requirements
needed in the proof [4] [15].
The same construction works in dimensions higher than 2.
Proof. The idea of the proof is simple. We construct an increasing sequence of
subsets U1 ⊂ U2 ⊂ . . . of C
2 whose union is C2, and we construct automorphisms
f1, f2, . . . that are all tangent to the identity such that fj maps Uj into a (smaller
and smaller) neighborhood of the origin. Then we define g1 = f1 and gj = fj ◦f
−1
j−1
for j ≥ 2, and we are done.
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For R > 0 and some small ǫ > 0 we define the following subsets of the complex
plane:
• △R = {|z| ≤ R},
• ΘǫR := {re
iθ ∈ C | −ǫ < θ < ǫ, 0 ≤ r ≤ R},
• KǫR := △R \Θ
ǫ
R − ǫ (here −ǫ is a translation to the left),
• LǫR := {x+ iy ∈ C | y = 0, ǫ ≤ x ≤ R}.
For δ > 0 small enough we have that the following set is a union of five disjoint
compact sets in C2:
N ǫR,δ := Bδ(0, 0) ∪ (K
ǫ
R ×△R) ∪ (L
ǫ
R × {0}) ∪ ({0} ×K
ǫ
R) ∪ ({0} × L
ǫ
R).
We claim that N ǫR,δ is polynomially convex. To see this, note first that the set
KǫR×△R∪ (△δ×△R) is polynomially convex. Since Bδ(0, 0) ⊂ △δ×△R it follows
by an application of the Oka-Weil theorem that KǫR×△R∪Bδ(0, 0) is polynomially
convex. In adding the rest of the components, we add compact sets contained in
closed submanifolds of C2 (in fact complex lines), so it suffices to check that the
intersection of N ǫR,δ with these submanifolds is polynomially convex. (to see that
this suffices, first use the defining function, and then apply the local maximum
modulus principle). That the intersection with the complex lines is polynomially
convex follows from Runge’s theorem.
Pick ρ > 0 small enough such that the balls Bδ(0, 0) and Bρ(·, ·) are pairwise dis-
joint, and their union is polynomially convex. Then define automorphisms φ1, ..., φ5
of C2 such that the following holds:
(i) φ1|Bδ(0,0) = Id,
(ii) φ2(K
ǫ
R ×△R) ⊂ Bρ(−ǫ, 0),
(iii) φ3(L
ǫ
R × {0}) ⊂ Bρ(ǫ, 0),
(iv) φ4({0} ×KǫR) ⊂ Bρ(0,−ǫ),
(v) φ5({0} × L
ǫ
R) ⊂ Bρ(0, ǫ).
Choose a small neighborhood U of N ǫR,δ and define a map ψ : U → C
2 such
that ψ|Bδ(0,0) = φ1, ψ|KǫR×△R
= φ2, and so forth. By [5] the map ψ may be
approximated arbitrarily well on N ǫR,δ by an automorphism f = f
ǫ
R,δ of C
2. By
composing with a linear map close to the identity if necessary, we may assume that
f(0) = 0, df(0) = Id. Note that if the approximation of ψ is good enough then the
image of N ǫR,δ is contained in the ball B2ǫ(0, 0).
To finish the proof we now choose sequences Rj , ǫj , δj for j = 1, 2, ..., such that
ǫj, δj , ρj ց 0 and Rj ր∞, and such that we can carry out the above construction
for the sets N
ǫj
Rj ,δj
to get a sequence of automorphisms fj = f
ǫj
Rj ,δj
as above. Now
define the sequence gj inductively by g1 = f1 and gj = fj ◦ f
−1
j−1 for j = 2, 3, ....
We have that the union of the increasing sequence N
ǫj
Rj ,δj
is all of C2 and we
have
gjgj−1 · · · g1(N
ǫj
Rj ,δj
) = fj(N
ǫj
Rj ,δj
) ⊂ B2ǫj (0, 0).
This completes the proof. 
Remark 1. Note that the convergence in the above theorem is pointwise - not
uniform on compacts. Specifically we have that points arbitrarily close to the
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origin go arbitrarily far out towards infinity. In light of this example one might
ask whether there exist an attracting set of a non-periodic bounded orbit p0, p1, . . .,
such that the attracting set contains a neighborhood of p0. The arguments in the
proof of Theorem 2 adapts to this case however, showing that this is impossible.
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